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We consider the Isgur-Wise function ð!Þ within a new modified version of a heavy-light chiral quark
model. While early versions of such models gave an absolute value of the slope that was too small, namely
0ð1Þ ’ 0:4 to 0:3, we show how extended version(s) may lead to values around 1, in better
agreement with recent measurements. This is obtained by introducing a new mass parameter in the heavy-
quark propagator. We also shortly comment on the consequences for the decay modes B! D D.
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I. INTRODUCTION
The Isgur-Wise (IW) function ð!Þ [1], the universal
function describing a class of BðvbÞ ! DðvcÞ transitions,
has been studied for many years. (Here, vb and vc are the
four-velocities for the mesons containing a b, or a c quark,
respectively, and !  vb  vc). While some general fea-
tures of the function follow from heavy-quark symmetry
[2], its more detailed shape has been studied in various
model approaches [3–11].
It is well known that understanding the shape of the IW
function, and, in particular, its slope 0ð1Þ at the zero recoil
point ! ¼ 1 is a necessary prerequisite for determination
of the Vcb element of the Cabibbo-Kobayashi-Maskawa
quark mixing matrix. However, there is also another in-
centive to study this function in quark models—namely, it
is an essential ingredient in the model description of am-
plitudes for important nonleptonic decays of the type B!
D D, DK, D. Thus, to approach such theoretically diffi-
cult processes, one first needs a reasonable description of
the IW function.
This work will be based on the ideas of chiral quark
models (QM) [12], later extended to various versions of
heavy-light chiral quark models (HLQM) [3–7].
Some versions of HLQM [3,4,6] gave a slope 0ð1Þ ’
0:4 to 0:3, which is not in agreement with general
theoretical expectations expressed in Bjorken [13] and
Uraltsev [14] sum rules which together imply 0ð1Þ 
3=4. Also, a combined fit [15] to results of experimental
measurements of B! Dl decays gives 0ð1Þ ¼
1:16 0:05, and although dispersion of experimental re-
sults is large leading to a small confidence level of this fit
(  1%), it seems reasonable to assume that the absolute
value of the slope cannot be significantly smaller than 1.
The purpose of the present paper is to show that the
model in [6] might be modified in order to describe the IW
function in a reasonable way. We construct a new version
of the model, which still has the particular feature of
explicit inclusion of the gluon condensate effects, enabling
consistent estimation of nonfactorizable amplitudes [16–
20]. Further, we demonstrate that this new model gives a
satisfactory description of the IW function slope.
There are two slightly different philosophies within the
family of heavy-light chiral quark models. In Refs. [3,4,6],
the focus is on the bosonization procedure. The quark
Lagrangian is bosonized by attaching meson fields to quark
loops at zero external momentum, thereby integrating out
the quarks. External momenta then correspond to deriva-
tives of meson fields. On the other hand, in the approach of
the Bari group [5] the external momenta are kept in the
loop integral, and mass differences between heavy mesons
and the heavy quark appear in the final result. This mostly
works fine in [5], but a problem seems to arise when one
tries to describe transitions between heavy mesons with
different masses.
In this paper, we will work with zero external momenta
(focus on bosonization), but introduce a parameter in the
heavy-quark propagator, which will, for positive values of
, correspond to an extra dynamical mass of the heavy
quark.
In Sec. II, we describe this extended version of heavy-
light chiral quark model. In Sec. III, we show how the
model is bosonized and how the model parameters are
related to physical quantities. In Sec. IV, we calculate the
IW function, and then we conclude. The Appendix con-
tains recursion formulas and expressions for the relevant
heavy-light loop integrals.
II. HEAVY-LIGHT CHIRAL QUARK MODEL
(HLQM)
The total Lagrangian describing both quark and meson
fields is [6]
L ¼ LHQET þLQM þLInt; (1)
where [2]
L HQET ¼ Qvðiv D ÞQv þOðm1Q Þ (2)
*Corresponding author.
j.o.eeg@fys.uio.no
†kkumer@phy.hr
PHYSICAL REVIEW D 81, 074015 (2010)
1550-7998=2010=81(7)=074015(10) 074015-1  2010 The American Physical Society
is the Lagrangian for heavy-quark effective field theory
(HQEFT), with the mentioned extra mass added. The
heavy-quark field Qv annihilates a heavy quark with ve-
locity v and mass mQ. Moreover, D is the covariant
derivative containing the gluon field (eventually also the
photon field). In [6], theOðm1Q Þ term was also considered,
but it will not be needed in this paper, because a better
description for the B! D current than in [3,4,6] is needed
already for the IW function, i.e. to zeroth order in 1=mQ.
The light-quark sector is described by the QM, having
a standard QCD term and a term describing interactions
between quarks and pseudoscalar light mesons:
L QM ¼ qðiD MqÞqmð qRyqL þ qLqRÞ;
(3)
where qT ¼ ðu; d; sÞ is the light-quark field triplet. The
left- and right-handed projections qL and qR are trans-
forming after SUð3ÞL and SUð3ÞR, respectively. Mq ¼
diagðmu;md;msÞ is the current quark mass matrix, m is
the [SUð3Þ invariant] dynamical mass of light quarks, and
 ¼ expð2i=fÞ, where is a 3 by 3 matrix containing
the pseudoscalar meson octet (;K;) in a standard way.
There is also a ‘‘rotated version’’ of the QM with
flavor-rotated quark fields  given by
L ¼ yqL; R ¼ qR;    ¼ : (4)
[This field  containing the light mesons should be distin-
guished from the IW function ð!Þ.] In the rotated version,
the chiral interactions are transformed into the kinetic
term, while the interaction term proportional to m in (3)
becomes a pure (constituent) mass term [12,16]:
L QM ¼ ½ðiD þV þ 5AÞ m  eMq;
(5)
where the vector and axial vector fields V andA are
given by
V
A

¼  i
2
ðy@ @yÞ;
and
eMq  yMyqLþ MyqR: (6)
Here, L is the left-handed projector in Dirac space, L ¼
ð1 5Þ=2, and R is the corresponding right-handed pro-
jector. The Lagrangian (5) is manifestly invariant under the
unbroken SUð3ÞV symmetry. In the light sector, the various
pieces of the Lagrangian describing strong interactions of
mesons can be obtained by integrating out the constituent
quark fields , and these pieces can be written in terms of
the fieldsA and eMq which are manifestly invariant under
local SUð3ÞV transformations.
In the heavy-light case, the generalization of the meson-
quark interactions of the pure light sector QM is given by
the following SUð3Þ invariant Lagrangian:
L Int ¼ GH½ a HavQv þ QvHava þ 12G3 Tr½
HavH
a
v;
(7)
where GH and G3 are coupling constants, and H
a
v is the
heavy-meson field containing a spin zero and spin one
boson:
Hav  PþðPa  iPa55Þ;
Hav ¼ 0ðHavÞy0 ¼ ½ðPaÞy  iðPa5Þy5Pþ;
(8)
where
P  1   v2 ; Hv  v ¼ Hv;
  v Hv ¼  Hv:
(9)
The field Pa5ðPaÞ annihilates a heavy-light meson, 0ð1Þ,
with velocity v. The index a runs over the light-quark
flavors u, d, s, and the projection operators P have the
property
PP ¼ PvP: (10)
Note that in Refs. [3–5], GH ¼ 1 is used. However, in that
case one uses a renormalization factor for the heavy-meson
fields Hv, which is equivalent to the approach in [6] and
here. The term / 1=G3 is (partially) cancelled by a self-
energy loop of order G2H, and it determines the mass
difference between the heavy quark and the corresponding
heavy meson.
In our model, the hard gluons are considered to be
integrated out and we are left with soft gluonic degrees
of freedom. These soft gluons can be described using the
external field technique, and their effect will be parame-
trized by vacuum expectation values, such as the gluon
condensate hs G2i. Gluon condensates with higher dimen-
sions could also be included, but we truncate the expansion
by keeping only the one with lowest dimension. When
calculating the soft gluon effects in terms of the gluon
condensate, we follow the prescription given in [21]. The
calculation is easily carried out in the Fock-Schwinger
gauge, where one can expand the gluon field as
AaðkÞ ¼  ið2Þ
4
2
G	ð0Þ @@k	 

ð4ÞðkÞ þ    : (11)
Since each vertex in a Feynman diagram is accompanied
by an integration, we get the Feynman rule given in Fig. 1.
The gluon condensate is obtained by averaging in color
space which yields the following replacement rule:
g2sG
a
G
b
 !
42
ðN2c  1Þ

ab

s

G2

1
12
	 ðgg  ggÞ: (12)
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III. BOSONIZATION WITHIN THE HLQM
The interaction term LInt in (7) can now be used to
bosonize the model, i.e. to integrate out the quark fields.
This can be done in the path integral formalism and the
result is formally a functional determinant. This determi-
nant can be expanded in terms of Feynman diagrams, by
attaching the external fields Hav, H
a
v,V,A, and ~Mq of
Sec. II to quark loops. Some of the loop integrals will be
divergent, and analogously to the pure light sector case
[12,16,22,23], they have to be related to physical parame-
ters as will be described below. The resulting strong chiral
Lagrangian for heavy-light chiral perturbation theory
(PT) has the following form [24–30]:
LStr ¼ Tr½ Haðiv DÞHa  gA Tr½ HaHb5Aba
þ    ; (13)
where the dots indicate other terms of higher order in the
chiral expansion, and the covariant derivative D contains
both the photon field and the field V . The 1=mQ sup-
pressed terms have been discarded in the present paper.
The Feynman diagrams responsible for the kinetic and
axial vector terms in (13) are shown in Fig. 2. As men-
tioned in the Introduction, these two diagrams are calcu-
lated at zero external heavy-meson momentum. The
nongluonic loop integral (first on Fig. 2) for the strong
vector or axial vector current is
JX ¼ Nc
Z d4k
ð2Þ4 TrfðiGH
HvÞiSvðkÞ
	 ðiGHHvÞiSðkÞX iSðkÞg; (14)
where 

V
¼  and A ¼ 5 for couplings to X ¼V
and X ¼A. Further, SvðkÞ and SðkÞ are the heavy-quark
propagator and the standard light-quark propagator, re-
spectively:
SvðkÞ ¼ PþðvÞðv  k Þ ; SðkÞ ¼
  kþm
ðk2 þm2Þ : (15)
In previous papers [3,4,6],  ¼ 0 was assumed, but here
we let   0.
The gluonic part of the bosonized currents for one of the
diagrams (lower left on Fig. 2) is
JX;G1 ¼ 
Z d4k
ð2Þ4 TrfðiGH
HvÞiSvðkÞðiGHHvÞiSðkÞ
	 X iSðkÞ½igsAðq2ÞiSðk q2Þ
	 ½igsAðq1ÞiSðk q1  q2Þg; (16)
where gluon fields are represented by the expression from
Eq. (11), and it is understood that the derivatives with
respect to soft gluon momenta are to be applied to the
whole integrand. There are two more diagrams with differ-
ent ordering of gluon and (axial) vector vertices and after
adding all four diagrams from Fig. 2, we obtain
JX;Tot ¼ gX Trf HvHvX g; (17)
where
gX ¼ iG2HNc

RX  
2
24Nc
ZX

s

G2

; (18)
RV ¼ 2ðm ÞI2  I1;1  2ðm ÞI2;1; (19)
ZV ¼ 144mI4 þ 192m2ðmÞI5 þ 24mðmþ 6ÞI4;1
þ 192m2ðm ÞI5;1; (20)
and for the axial case
RA ¼ 23ð3m ÞI2 þ 13I1;1 þ 23ðm Þð2m ÞI2;1;
(21)
ZA ¼ 48mI4 þ 64m2ð3mÞI5  8mð13m 6ÞI4;1
 64m2ðmÞð2mÞI5;1: (22)
The loop integrals In and In;r occurring in the expressions
above are defined in the Appendix, where also expressions
for the finite ones are given. The integrals I2, I1;1 above and
I1 from Eq. (43) below are logarithmically, linearly, and
quadratically divergent, respectively. Then, as explained in
[6,12,16,22], these divergent integrals might be regular-
ized, say, by ultraviolet cutoffs of the order of the chiral
symmetry breaking scale  [3,4,31]. The ultraviolet cut-
off terms will be accompanied by various finite terms,
which will be different for different cutoff procedures,
such as those of Pauli-Villars–type [3,31] or proper time
regularization [4,12,22]. We will, however, not go into
details of this, but will simply identify the divergent inte-FIG. 2. Coupling to vector and axial vector current.
FIG. 1. Feynman rule for the light quark–soft gluon vertex.
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grals by appropriate quantities regarded as physical within
our model.
Within the pure light sector, the logarithmically and
quadratically divergent integrals are related to the pion
decay constant f and the quark condensate h qqi in the
following way [16,22,23]:
f2 ¼ i4m2NcI2 þ 1
24m2

s

G2

; (23)
h qqi ¼ 4imNcI1  112m

s

G2

: (24)
This is obtained by relating loop diagrams to physical
quantities analogously to Eqs. (29) and (30) below.
(Here, the a priori divergent integrals I1 and I2 have to
be interpreted as the regularized ones.) Since the pure light
sector is a part of our model, we keep these relations in the
heavy-light case studied here.
It should be noted that in principle the quark condensate
h qqi, as well as the gluon condensate hs G2i, depend on the
renormalization scale . But when we are working in a
model-dependent low-energy framework, the  depen-
dence of these quantities is lost. However, by construction,
the chiral symmetry breaking scale  is the effective
ultraviolet cutoff for our description, including both
HLPT and HLQM. Therefore, we use by assumption
 ¼  as the matching scale between perturbative, short
distance description and the (model-dependent) long dis-
tance description.
In addition, in the heavy-light sector the (formally)
linearly divergent integral I1;1 will also appear. It will be
related to the physical value of gV  gA using Eq. (18)
for X ¼A and X ¼V . The negative parity axial cou-
pling constant gA is taken as model input parameter,
gA ¼ 0:59, while normalization of the kinetic term im-
plies gV ¼ 1.
Eliminating thus I1;1 from the (18) and inserting the
expression for I2 obtained from (23), we find the following
expression for GH:
G2H ¼
2m
f2
	; (25)
where the quantity 	 is of order one and given by
	  1þ 3gA
4ð1 2mþ Ncm
2
8f2
  

1
m2
hs G2iÞ
; (26)
where
 ¼ i16m

1 
m

2
I2;1; (27)
and
1 ¼
1
12

1 
2m
þ i 
2m3
2
ðZV þ 3ZAÞ

: (28)
Let us now consider these relations in two characteristic
limiting cases:  ! 0 and ! m.
In the limit  ! 0, (18) reduces to
1 ¼ iG2HNc

I3=2 þ 2mI2 þ iV
Ncm
3

s

G2

; (29)
gA ¼ iG2HNc

1
3
I3=2  2mI2  i m12
iA
Ncm
3

s

G2

;
(30)
where
0.05 0.1 0.15 0.2 0.25
0.1
0.15
0.2
0.25
0.16 0.2 0.24
)b()a(
FIG. 3 (color online). The decay constant fB in dependence on m and . The condensates are taken to be h qqi ¼ ð0:27 GeVÞ3 and
hs G2i ¼ ð0:32 GeVÞ4.
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I3=2  ðI1;1Þ!0; V ¼ A ¼
ð8 3Þ
384
: (31)
This is the result of [6], except for the sign of A which is
wrong there. Numerically, this change has no dramatic
consequences. In the limit  ! 0, we also have
 ! 1; 1 ! 1 ¼
1
12
 ðV þ 3AÞ ¼
8 
64
:
(32)
Eliminating I2, we obtain the relation for I3=2:
 iNcI3=2 ¼ 3ð1 gAÞ
4G2H
 m
16
 3ðA  VÞ
4m3

s

G2

;
(33)
which will replace the Eq. (39) of [6].
In the limit  ! m, which means that heavy and light
quarks have the same constituent mass, we obtain
1 ¼ G2H

iNcI11 þ 1
240m3

s

G2

; (34)
gA ¼ G2HNc

1
3
iNcI11  43mI2 
3
240m3

s

G2

: (35)
Then, for! m, there is a simplification because  ! 0
and 1 ! 0 and thereby
	 ! 12ð1þ 3gAÞ: (36)
The gluon condensate may be related to the matrix
element of the chromomagnetic interaction [2]:
32 ¼ 2GðHÞ ¼
CMðÞ
2MH
hHj Qv 12 GQvjHi
¼ 3
2
mQðMH MHÞ: (37)
Such a link was used in [6], but we will not use it because it
formally belongs to 1=mQ corrections, which are not con-
sidered here. Also, it turns out that such a choice does not
lead to any dramatic differences, when numerical results in
 ! 0 limit are compared to those from [6].
Within the full theory (standard model) at quark level,
the weak current is
Jf ¼ qfð1 5ÞQ; (38)
where Q is the heavy-quark field in the full theory. Within
HQEFT this current will, below the renormalization scale
 ¼ mQð¼ mb;mcÞ, be modified in the following way [2]:
Jf ¼ ayafQv þOðm1Q Þ; (39)
where
 ¼ CLþ CvvR: (40)
Bosonizing this weak current, one obtains the standard
expression:
Jf ¼
H
2
Tr½yhfHvh; (41)
where heavy-meson decay constant is given by
fH ¼
C þ Cvﬃﬃﬃﬃﬃﬃﬃﬃ
MH
p H; (42)
with C ¼ 1:077 and Cv ¼ 0:0489 being Wilson coeffi-
cients within HQEFT [2]. The decay constant fB is plotted
in Fig. 3. In addition, fB and fD have chiral corrections of
order 20 MeV (see [6], and references therein), as well as
1=mQ corrections not considered here. From the diagrams
in Fig. 4, we obtain
H ¼ 2iGHNc

I1 þ ðm ÞI1;1 þm
2
Nc

s

G2

	 ½mI4 þ I3;1 þmðmÞI4;1

; (43)
where divergent integrals I1 and I1;1 will be expressed in
terms of model parameters. Since this is the only predicted
quantity depending on I1, it is easy to accommodate physi-
cal values of fH, using (24) and adjusting the quark con-
densate; see for example Eq. (45) below. In the limit
! 0,
H  2iGHNc

I1 þmI3=2 þ iH
Ncm
2

s

G2

: (44)
where H ¼ ð3 4Þ=384, in agreement with [6].
Furthermore, eliminating divergent integrals, one obtains
H ¼ GH2

h qqi
m
 m
2
4
þ 3ð1 gAÞ
2	
f2
 ð3 8Þ
192m2

s

G2

: (45)
In the limit  ! m,
H  2iGHNc

I1 þ i
96Ncm
2

s

G2

; (46)
or, eliminating divergent integrals,
H ¼ GH2

h qqi
m
 h
s
 G
2i
24m2

: (47)
This completes the specification and bosonization of the
HLQM. The remaining free parameters of the model are
two condensates h qqi and hs G2i and two constituent
masses m and . We can now apply the model to calcu-
FIG. 4. Diagrams for bosonization of the left-handed quark
current to leading order, determining H.
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lation of phenomenological quantities, starting with the
Isgur-Wise function.
IV. THE ISGUR-WISE FUNCTION
The Isgur-Wise function [1], ð!Þ, relates all the form
factors describing the processes B! DðDÞ in the heavy-
quark limit. In our framework, it can be defined via bo-
sonization of heavy-heavy quark current responsible for
B! D transition:
Q ðþÞvb LQ
ðþÞ
vc ! ð!ÞTr½ HðþÞc LHðþÞb   Jb!c:
(48)
Here, Qvc and Qvc are the c and b quark fields within
HQEFT. The IW function can be determined by calculating
the diagrams shown in Fig. 5.
One normally expects that emission of the soft gluons
from a heavy quark does not occur at the zeroth order in
1=mQ. Namely, using the HQET Lagrangian (2), and dif-
ferentiating the expressions involving heavy-quark propa-
gators according (11), will naturally, for diagrams of same
class as those on Fig. 4, lead to expressions proportional to
vvG
a
 ¼ 0, where v is either vb or vc. However, for
the Isgur-Wise function there are two velocities (vb and vc)
in play in the diagram. Therefore one may obtain contri-
butions proportional to
vb v

cG
a
; (49)
which will generally, away from the strict heavy-quark
limit !! 1, be different from zero. Let us also mention
that some care is required because momentum flow in the
diagrams for the translationally noninvariant amplitudes in
the Fock-Schwinger gauge is nontrivial; see Fig. 5.
The corresponding results for diagrams (a)–(d) are
ð!Þa ¼ iG2HNc

m 2
!þ 1

I1;1;1  2!þ 1 I1;1

;
(50)
ð!Þb ¼ iG2H

s

G2

m2

m2I4;1;1 þ I3;1;1
 2m
!þ 1 ðI4;1 þ I4;1;1Þ

; (51)
ð!Þc ¼ i12G
2
H

s

G2

m2ð! 1ÞI2;2;2; (52)
ð!Þd ¼ i12G
2
H

s

G2

2ð! 1ÞðI1;2;3  I1;3;2
þ ðmð!þ 1Þ  2ÞI1;3;3Þ: (53)
Since loop integrals have at the least two heavy and one
light-quark propagator, integrals of the type In;r;s occur
above, and they are defined in the Appendix. We find
that the identity ð! ¼ 1Þ ¼ 1 follows from normalization
of the vector current in Eq. (18):
ð! ¼ 1Þ ¼ ða þ b þ c þ dÞ!¼1
¼ ða þ bÞ!¼1 ¼ 1: (54)
Finally, for the slope of the IW function in the no-recoil
limit !! 1, we have
FIG. 5. Bosonization corresponding to the Isgur-Wise function.
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0ð1Þa ¼ iG2HNcð12I1;1  ð13m 56ÞI1;2
 23ðm ÞðI1;3  2m2I3;1ÞÞ; (55)
0ð1Þb ¼ iG2H

s

G2

m2

1
4
I2;4 þm6 ðm ÞI3;4
þm
2
ðI4;1 þI4;2Þ

; (56)
0ð1Þc ¼ iG2H

s

G2

m2
12
I2;4 (57)
0ð1Þd ¼ iG2H

s

G2

2
6
ðI1;5  ðmÞI1;6Þ: (58)
All the In;r integrals above can be evaluated using formulas
from the Appendix.
V. RESULTS AND DISCUSSION
Numerical results are presented in Figs. 6 and 7. Figure 6
displays the slope 0ð1Þ of IW function as a function of the
gluon condensate and the heavy-meson decay constant fB
as a function of the quark condensate, while Fig. 7 shows
0.05 0.1 0.15 0.2 0.25
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-1.5
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-0.5
0
0.16 0.2 0.24
)b()a(
FIG. 7 (color online). The slope of Isgur-Wise function 0ð1Þ at no-recoil point as a function of  for three values of m (a), and as a
function of m for three values of  (b). The condensates are taken to be h qqi ¼ ð0:27 GeVÞ3 and hs G2i ¼ ð0:32 GeVÞ4.
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FIG. 6 (color online). The slope of Isgur-Wise function 0ð1Þ in dependence on the gluon condensate for various choices of the light-
quark constituent mass m (a), and the decay constant fB in dependence on the quark condensate (b), for  ¼ 0:1 GeV.
Complementary plots are not so interesting because the dependence of 0ð1Þ on the quark condensate and the dependence of fB
on the gluon condensate are rather small.
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slope 0ð1Þ for some generic condensate values in depen-
dence on the dynamical masses andm. One observes that
for reasonable intervals of masses1 slope is of the order of
1 and beyond, which is in agreement with values men-
tioned in the Introduction, as well as with values obtained
within other theoretical frameworks [32] and on the lattice
[33]. It should be noticed that values for 0ð1Þ of order or
bigger than one prefer smaller constituent mass than in [6].
For easier overview of analytical results, as well as for their
numerical checks, it is convenient to again investigate limit
 ! m. After using constant values for integrals in this
limit, as given in the Appendix one obtains simple expres-
sion
0ð1Þ ¼ ð3gA  1Þ
4
 ð1þ 3gAÞ
4f2
	

m2Nc
22
þ 11
315m2

s

G2

: (59)
Numerical values in this limit are not unreasonable.
In conclusion, we have presented an improved heavy-
light chiral quark model where introducing additional mass
parameter in the heavy-quark propagator resulted in a
flexible model capable of consistent description of
heavy-meson decays, where we placed particular emphasis
on a characterization of Isgur-Wise function. Further ap-
plications of the model, such as calculation of nonfactor-
izable amplitudes for nonleptonic heavy-meson decays
could now be attempted. As the slope of the IW function
is steeper than the one used in, say, Ref. [19], the partial
amplitudes for B! D D depending on the IW function,
might be overestimated there. This will then have conse-
quences for the size of the overall amplitude.
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APPENDIX: LOOP INTEGRALS
Three-, two-, and one-point loop integrals with one
light-quark propagator occurring in the calculations are
In;r;s ¼
Z d4p
ð2Þ4
pp   
ðp2 m2 þ iÞnðp  v þ iÞrðp  v0 þ iÞs ; (A1)
In;r ¼
Z d4p
ð2Þ4
pp   
ðp2 m2 þ iÞnðp  vþ iÞr ; (A2)
In ¼
Z d4p
ð2Þ4
pp   
ðp2 m2 þ iÞn : (A3)
To evaluate such integrals, one first reduces tensor to scalar ones using relations (!  v  v0):
In;s ¼ ðIn;s1 þIn;sÞv; (A4)
In;1 ¼ 13½In1;1 þm2In;1 In 2In;1g  13½In1;1 þm2In;1  4In  42In;1vv; (A5)
In;1 ¼ 12½In1  ðm2  42ÞIn  2In1;1  2ðm2  22ÞIn;1vvv
þ 13½34In1 þ ð34m2 2ÞIn þ In1;1 þ ðm2 2ÞIn;1ðvg þ vg þ vgÞ (A6)
In;r;s ¼ 1
!2  1 fð!In;r;s1  In;r1;sÞv
 þ ð!In;r1;s  In;r;s1Þv0 þð! 1ÞIn;r;sðv þ v0Þg: (A7)
(Reduction of one-point In tensor integrals is simple
and well known.) Now all scalar two-point integrals In;s
can be reduced to linear combinations of In;1 integrals
using general recursion formula
In;s ¼ 4n
s2  3sþ 2

ðnþ s 3ÞInþ1;s2
þm2ðnþ 1ÞInþ2;s2 þ s
2  3sþ 2
s 1 Inþ1;s1

;
(A8)
valid for s > 2, whereas the special case s ¼ 2 is
1Constituent mass of quarks in the presented model is smaller
than in other similar quark models due to the explicit inclusion of
gluon condensate in the dynamics of the model.
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In;2 ¼ 2nðInþ1 þInþ1;1Þ: (A9)
For the calculation of the slope 0ð1Þ of Isgur-Wise
function, one additionally needs derivatives of three-point
integrals at point ! ¼ 1. Integrals themselves at this point
are trivially given by
In;r;sð1Þ ¼ In;rþs: (A10)
The derivatives are given by
@In;r;sð!Þ
@!








!¼1¼
rs
2ðn 1Þ In1;rþsþ2 for n > 1;
(A11)
while for n ¼ 1 we have a special case:
@I1;r;sð!Þ
@!








!¼1 ¼ 
rs
rþ sþ 1

2
rþ s 1þ 
rþ s I1;rþs
þ 2I1;rþsþ1 þ 2m
2
rþ s I2;rþs

; (A12)
where dimensional regularization parameter  is relevant
only for divergent case r ¼ s ¼ 1, where using
lim!0I1;2 ¼ i=ð8Þ one gets
@I1;1;1ð!Þ
@!








!¼1¼ 
1
3
ðI1;2 þ 2I1;3  4m2I3;1Þ:
(A13)
Then again, recursion formulas above can be used to
reduce everything to In;1 integrals. These integrals can be
explicitly evaluated, and they read
In;1  i
162m2n3
an


m

; where (A14)
a2ðxÞ ¼  1
1 x2F ðxÞ !
x!1 2; (A15)
a3ðxÞ ¼ 14
1
ð1 x2Þ2 ðF ðxÞ  2xþ 2x
3Þ !x!1 1
3
; (A16)
a4ðxÞ ¼  124
1
ð1 x2Þ3 ð3F ðxÞ  10xþ 14x
3  4x5Þ
!x!1 2
15
; (A17)
a5ðxÞ ¼ 1192
1
ð1 x2Þ4 ð15F ðxÞ  66xþ 118x
3
 68x5 þ 16x7Þ !x!1 1
14
; (A18)
a6ðxÞ ¼  11920
1
ð1 x2Þ5 ð105F ðxÞ  558xþ 1210x
3
 1052x5 þ 496x7  96x9Þ !x!1 2
45
: (A19)
Here, the function F ðxÞ is [34]
F ðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  1þ i
p
ðlogðx
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  1þ i
p
Þ
 logðxþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  1þ i
p
ÞÞ: (A20)
Note that F ðxÞ!x!0, which gives the various anð0Þ.
Furthermore, F ðxÞ ¼ 2xFð1=xÞ, where Fð1=xÞ is func-
tion from Eq. (A2) of [35].
This reduction of integrals is easy to implement on a
computer and the corresponding MATHEMATICA code is
available from the authors upon request.
[1] N. Isgur and M.B. Wise, Phys. Lett. B 232, 113 (1989);
237, 527 (1990).
[2] M. Neubert, Phys. Rep. 245, 259 (1994); A. Manohar and
M.B. Wise, Heavy Quark Physics (Cambridge University
Press, Cambridge, United Kindgom, 2000), ISBN 0-521-
64241-8.
[3] W.A. Bardeen and C. T. Hill, Phys. Rev. D 49, 409 (1994).
[4] D. Ebert, T. Feldmann, R. Friedrich, and H. Reinhardt,
Nucl. Phys. B434, 619 (1995); D. Ebert, T. Feldmann, and
H. Reinhardt, Phys. Lett. B 388, 154 (1996).
[5] A. Deandrea, N. Di Bartolomeo, R. Gatto, G. Nardulli, and
A.D. Polosa, Phys. Rev. D 58, 034004 (1998); A. D.
Polosa, Riv. Nuovo Cimento Soc. Ital. Fis. 23N11, 1
(2000).
[6] A. Hiorth and J. O. Eeg, Phys. Rev. D 66, 074001 (2002).
[7] A. Hiorth and J. O. Eeg, Eur. Phys. J. C 39S1, 27 (2005).
[8] A. L. Mota and E. R. Arriola, Eur. Phys. J. A 31, 711
(2007).
[9] H. Hogaasen and M. Sadzikowski, Z. Phys. C 64, 427
(1994).
[10] H. Y. Cheng, C. K. Chua, and C.W. Hwang, Phys. Rev. D
69, 074025 (2004).
[11] F. Jugeau, A. Le Yaouanc, L. Oliver, and J. C. Raynal,
Phys. Rev. D 74, 094012 (2006).
[12] J. A. Cronin, Phys. Rev. 161, 1483 (1967); S. Weinberg,
Physica (Amsterdam) 96A, 327 (1979); D. Ebert and
M.K. Volkov, Z. Phys. C 16, 205 (1983); A. Manohar
and H. Georgi, Nucl. Phys. B234, 189 (1984); J. Bijnens,
H. Sonoda, and M.B. Wise, Can. J. Phys. 64, 1 (1986); D.
Ebert and H. Reinhardt, Nucl. Phys. B271, 188 (1986); D.
Diakonov, V. Y. Petrov, and P.V. Pobylitsa, Nucl. Phys.
B306, 809 (1988); D. Espriu, E. de Rafael, and J. Taron,
ISGUR-WISE FUNCTION WITHIN A MODIFIED HEAVY- . . . PHYSICAL REVIEW D 81, 074015 (2010)
074015-9
Nucl. Phys. B345, 22 (1990); B355, 278(E) (1991).
[13] J. D. Bjorken, Les Rencontre de la Valle d’Aoste, La
Thuile, Italy, 1990 (SLAC Report No. SLAC-PUB-5278,
1990).
[14] N. Uraltsev, Phys. Lett. B 501, 86 (2001).
[15] E. Barberio et al. (Heavy Flavor Averaging Group),
arXiv:0808.1297.
[16] S. Bertolini, J. O. Eeg, and M. Fabbrichesi, Nucl. Phys.
B449, 197 (1995); V. Antonelli, S. Bertolini, J. O. Eeg, M.
Fabbrichesi, and E. I. Lashin, Nucl. Phys. B469, 143
(1996); S. Bertolini, J. O. Eeg, and M. Fabbrichesi,
Nucl. Phys. B476, 225 (1996); S. Bertolini, J. O. Eeg,
M. Fabbrichesi, and E. I. Lashin, Nucl. Phys. B514, 63
(1998); B514, 93 (1998); S. Bertolini, J. O. Eeg, and M.
Fabbrichesi, Phys. Rev. D 63, 056009 (2001).
[17] J. O. Eeg, A. Hiorth, and A.D. Polosa, Phys. Rev. D 65,
054030 (2002).
[18] J. O. Eeg, S. Fajfer, and J. Zupan, Phys. Rev. D 64, 034010
(2001).
[19] J. O. Eeg, S. Fajfer, and A. Prapotnik, Eur. Phys. J. C 42,
29 (2005).
[20] J. A. Macdonald Sørensen and J. O. Eeg, Phys. Rev. D 75,
034015 (2007).
[21] V. A. Novikov, M.A. Shifman, A. I. Vainshtein, and V. I.
Zakharov, Fortschr. Phys. 32, 585 (1984).
[22] A. Pich and E. de Rafael, Nucl. Phys. B358, 311 (1991); J.
Bijnens, E. de Rafael, and H. q. Zheng, Z. Phys. C 62, 437
(1994).
[23] J. O. Eeg and I. Picek, Phys. Lett. B 301, 423 (1993); 323,
193 (1994); A. E. Bergan and J. O. Eeg, Phys. Lett. B 390,
420 (1997).
[24] M. B. Wise, Phys. Rev. D 45, R2188 (1992).
[25] R. Casalbuoni, A. Deandrea, N. Di Bartolomeo, R. Gatto,
F. Feruglio, and G. Nardulli, Phys. Rep. 281, 145 (1997).
[26] M. B. Wise, CCAST Symposium, 1993 (Gordon and
Breach, New York, 1995), p. 71–114.
[27] B. Grinstein, arXiv:hep-ph/9508227.
[28] C. G. Boyd and B. Grinstein, Nucl. Phys. B442, 205
(1995).
[29] I.W. Stewart, Nucl. Phys. B529, 62 (1998).
[30] E. E. Jenkins, Nucl. Phys. B412, 181 (1994).
[31] D. Ebert, Z. Phys. C 28, 433 (1985); A. A. Andrianov and
V.A. Andrianov, Z. Phys. C 55, 435 (1992); D. Kakava
and M. Lavelle, Phys. Lett. B 298, 397 (1993).
[32] V. Morenas, A. Le Yaouanc, L. Oliver, O. Pene, and J. C.
Raynal, Phys. Rev. D 56, 5668 (1997).
[33] K. C. Bowler, G. Douglas, R. D. Kenway, G. N. Lacagnina,
and C.M. Maynard (UKQCD Collaboration), Nucl. Phys.
B637, 293 (2002).
[34] A. O. Bouzas, Eur. Phys. J. C 12, 643 (2000).
[35] I.W. Stewart, Nucl. Phys. B529, 62 (1998).
JAN O. EEG AND KRESˇIMIR KUMERICˇKI PHYSICAL REVIEW D 81, 074015 (2010)
074015-10
